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MG dau

Tong Gauss 1a mot loai tong gom hitu han cén ctia don vi. Gauss nghién citu
tong Gauss bac hai, va tng dung ching trong nghién cttu vé luat thuan nghich
bac hai.

Muc tiéu ctia luan van la tim hiéu tong Gauss bac hai va mot s6 ing dung
lién quan.

Ngoai phan Md dau, Két luan va Tai lieu tham khdo, b cuc ciia luan van
dugce chia lam ba chuong.

Chuong 1. Mot s kién thitc chuan bi.

Chuong 2. Tong Gauss bac hai.

Chuong 3. Mot vai dng dung cia téng Gauss.

Thai Nguyén, thang 5 nam 2019

Nguoi viét luan van

Nguyén Thi Giang



Chuong 1

Mot s6 kién thitc chuan bi

Trong chuong nay, ching toi trinh bay mot s6 kién thitc can thiét trong qua
trinh xay dyng dinh nghia tong Gauss nhu khai niem ky hieéu Legendre, dinh ly
Euler, dinh 1y Fermat, cin nguyén thiy, thang du bac hai, .... Cac kién thic
trong phan nay dugc tham khéo cht yéu tir tai lieu [3)].

1.1 Ky hiéu Legendre

Dinh nghia 1.1.1 ([3]). Néu a,b,m € Z va m # 0, ta néi rang a dong du vdi
b modulo m néu m 1a uéc ciia b — a. Mdi quan hé nay duge ky hieéu béi a = b

(mod m). Ki hiéu a # b (mod m) c6 nghia la a khong dong du v6i b modulo m.

Vidy, vid|25—1,taco25=1 (mod 4). Vi6|4—10, ta c6 4 =10 (mod 6).
Vi7|10—(—4),tac610=—4 (mod 7). Vi5{—-7—2, ta c6 —7 # 2 (mod 5).

Dinh nghia 1.1.2 ([3]). Ta noi rang hai s6 nguyén a va b la nguyén t6 cung

nhau néu u6c chung duy nhat ctia chiing 1a +1.

Dinh nghia 1.1.3 ([3]). Cho n € Z", ham ¢ Euler dugc dinh nghia 1a ¢(n) bang
s6 s6 nguyén duong nhé hon hodc bang n ma 1a nguyén té ciing nhau véi n, tic
la

on)=xeZ:1<z<n,(x,n) =1}

Viduy, (1) = 1,¢(5) = [{1,2,3,4}| = 4,¢(6) = [{1,5} = 2, va ¢(9) = [{1,2,4,5,
7,8} = 6. Néu p 1a s6 nguyeén t6 thi ro rang tat ci cacsd 1,2,...,p—1 déu nguyen

t6 cung nhau véi p nén ¢(p) = p — 1.
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Dinh 1y 1.1.4 (Dinh 1y Euler, [3]). Cho a,m € Z vdi m > 0. Néu (a,m) =1 thi
a®™ =1 (mod m).

Chiing minh. Goiri,r2,...,74m) 1 ¢(m) s6 nguyén duong khac nhau khong 16n
hon m sao cho (r;,m) =1, = 1,2,...,¢(m). Xét ¢(m) sd nguyén ria, raa, . .. T (m) -
Chu y rang (rja,m) = 1,i = 1,2,...,é(m). (Néu (r;a,m) > 1 v6i i ndo d6 thi ton
tai uéc nguyeén t6 p cla (r;a,m) va p | r;a va p | m. Bay gio p | r;a kéo theo p | r;
ho#c p | a nén hodic ta c6 p | 7; vA p | m hodic ta c6 p | a va p | m, cac diéu nay 1a
khong thé vi (r;,m) =1 va (a,m) = 1.) Ngoai ra, chii ¥ ring khong c6 hai s6 nao
trong day s6 ria,raa, . .., r4ma dong du véi nhau. (Vi (a,m) = 1, ton tai nghich
ddo ctia @ modulo m, ky hiéu 1a «’. Do d6, néu r;a = rja (mod m) véi i # j thi
riaa' = rjaa’ (mod m), didu nay 1a khong thé). Nen cic thang du khong am nho
nhat modulo m clia cac s6 nguyen ria,raa, . .., 74(m), Sap theo thit ty ting dan
la ry,r9,...,0(m). Khi do, ta c6

(r1a)(raa) - - - (Tg(m)a) = 1172 Ty(m) (mod m).
Hay
m | (afzﬁ(m)rlr2 .. '7‘¢(m)) — 1T T g(m)-
Kéo theo
m ‘ T2 T(m) X (a¢(m) — 1).

Vi (rirg -« rgm), m) =1, ta c6
m | (a®™ —1)
va a®™ =1 (mod m), di¢u phai chiing minh. O

Dinh 1y 1.1.5 (Dinh 1§ Fermat nhd, [3]). Cho p la mot s6 nguyén té6 va cho
a€Z. Néuptathh a> ' =1 (mod p).

Chaing minh. Xét p — 1 s6 nguyen xac dinh bdi a,2a,3a,...,(p — 1)a. Ta c6 p ¢t
ia,i=1,2,...,p—1. Cha y rdng khong c6 2 s6 nao trong p— 1 sd nguyén bén trén
dong du modulo p. (Vip 1 a, ton tai nghich ddo ctia @ modulo p, ky hiéu la o/. Néu
ia = ja (mod p) v6i i # j thiiad’ = jad’ (mod p), tit d6 i =j (mod p), vo ly). Nén
cac thang du khong am bé nhat modulo p clia cac s6 nguyen a, 2a, 3a, ..., (p—1)a
theo ti ty tang dan 13 1,2,3,...,p — 1. Khi do6,

(a)(2a)(3a) - ((p = 1)a) = (1)(2)(3) -+~ (p— 1)  (mod p),



hay tuong duong
A p—1D=@p-1! (mod p).
Theo dinh 1y Wilson, ta c6 (p—1)! = —1 (mod p) nén dong du thiic bén trén trd
thanh
—a’'= -1 (mod p),

hay tuong duong v6i a?~! =1 (mod p), diéu phai chitng minh. O

Dinh nghia 1.1.6 ([3]). Cho a,n € Z. S6 a dugc goi 1a can nguyén thiy modulo

n néu a va n nguyeén to cing nhau va ¢(n) 1a s6 nguyén duong bé nhat sao cho
a®™ =1 (mod n).

Vi dy, 3 1a cin nguyén thiiy modulo 7 vi ¢(7) = 6 14 s6 nguyén duong z
bé nhat dé 3 = 1 (mod 7). That vay, 3' = 3 (mod 7),3% = 2 (mod 7),3% = 6
(mod 7),3* =4 (mod 7),3° =5 (mod 7),3° =1 (mod 7). Tuong ti, ta c6 2 1a cin
nguyén thity modulo 13 nhung 2 khong 1 cin nguyén thity modulo 7 va 23 =1
(mod 7) nhung ¢(7) =6 > 3.

Meénh dé 1.1.7 ([3]). Néum € Z* ¢6 cdc can nguyén thiy va (a,m) = 1 thi a
la thing du liy thita n modulo m khi va chi khi a®™/4 = 1 (mod m), trong dé
d = (n,$(m)).

Chaing minh. Goi g 1a can nguyen thily modulo m va a = ¢°, 2 = ¢¥. Khi d6
phuong trinh dong du z” = a (mod m) tuong duong véi g™ = ¢® (mod m), nén
tuong duong véi ny = b (mod ¢(m)). Phuong trinh nay cé nghiém khi va chi khi
d | b. Ngoai ra, chi ¥ ring néu phuong trinh dong du c¢6 nghiém thi né c6 ding
d nghiém.

Néu d | b thi a®M/d = gbé(m)/d = 1 (mod m). Ngugc lai, néu «®(m/d = 1
(mod m) thi ¢"?(™)/4 = 1 (mod m), diéu nay kéo theo ¢(m) la wéc ctia bo(m)/d
hay d | b. Diéu phai chiing minh. O

Nhan xét 1.1.8. Chiing minh ctia ménh dé trén con kéo theo thong tin bd

sung. Néu 2" = a (mod m) c6 nghiém thi c6 dang (n, ¢(m)) nghiem.

Ménh dé 1.1.9 ([3]). Néu p la s6 nguyén t6 Ié, p{a va ptn, khi dé néu phuong
trinh " = a (mod p) c6 nghiém thi phuong trinh " = a (mod p°) cing cé nghiém

vdi moi e > 1. Tat cd cdc phuong trinh dong du nay cé cung so6 nghiém.
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Chitng minh. Néu n = 1, két luan la tam thudng, nén ta cé thé gia si n > 2. Gia
st 2" = a (mod p°) gidi phuong trinh. Goi zp 1a mot nghiém va dat x; = zo+ bp°.
Tinh toan ta ducc

ol = 2f +nbpaf™!  (mod p°th).
Ta can giai phuong trinh

2P =a (mod ptth).

Viéc nay tuong duong véi tim s6 nguyén b sao cho
n—1p — b 2
nag b= ((a—xg)/p”) (mod p).

Chu § réng (a — 2f)/p° la s6 nguyeén va p { naf~'. Do d6 phuong trinh nay c6

nghiém duy nhat theo b, va véi gid tri nay clia b, 2%n = a (mod pt).

Néu 2" = a (mod p) khong c¢6 nghiém, thi 2" = a (mod p°) khong c6 nghiem.
Mat khac, néu 2" = a (mod p) c6 mot nghiém thi tat cd cac phuong trinh 2" = a
(mod p?) cling ¢6 nghiém. Dia theo nhan xét sau Ménh dé 1.1.7 s6 nghiém cta
2" = a (mod p®) 1a (n, #(p°)) mién 1a phuong trinh c6 nghiém. Néu p { n, dé thay
(n, p(p)) = (n, ¢(p°)) v6i moi e > 1. Diéu phai chitng minh. O

Ménh dé 1.1.10 ([3]). Cho 2! la liy thita cao nhat cia 2 la udc cia n. Gid si
a 1é va phuong trinh 2™ = a (mod 2241 ¢6 nghiem. Khi dé, phuong trinh 2" = a
(mod 2¢) 6 nghiém vdi moi e > 21+ 1 (va do dé vdi moi e > 1). Ngoai ra, tat cd

phuong trinh dong du nay cé cung so nghiém.

Dinh nghia 1.1.11 ([3]). Gia st a,m € Z, m # 0 va (a,m) = 1. S6 a dugc goi la
thang du bac hai modulo m néu phuong trinh dong du 2? = a (mod m) ¢6 mot
nghiém. Néu ngudc lai, a dude goi 1a phi thang du bac hai modulo m.

Vi du 1.1.12. Ta c¢6 2 la thang du bac hai modulo 7 nhung 3 thi khong. That
ra, 12,2232, 42, 52,62 lan luot dong du véi 1,4,2,2,4,1 modulo 7. Do d6, 1,2 va
4 la thang du bac hai modulo 7 va 3, 5, va 6 la phi thang du bac hai modulo 7.

Muc tiéu ctia chiing ta trong phan nay 1a tra 1oi cau héi khi nao phuong trinh
dong du bac hai 22 = @ (mod m) c6 nghiém. Ménh dé sau cho cach x4c dinh khi

nao mot so6 nguyén cho trude 1a thing du bac hai modulo m.

Meénh dé 1.1.13 ([3]). Cho m = 2°p§*---pf* la phan tich thiia s6 nguyén t6 cla
m va gid st (a,m) = 1. Khi dé 2* = a (mod m) cé nghiém khi va chi khi cic diéu

kién sau duogc thoa man:
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(a) Neue=2thia=1 (mod4). Néue >3 thia=1 (mod 8).
(b) Véi moii ta c6 a®~D/2 =1 (mod p;).

Chiing minh. Theo dinh 1y thing du Trung Hoa phuong trinh dong du 2% = a
(mod p) tuong duong véi he phuong trinh 22 = a (mod 2¢), 22 = a (mod p{'),..., 2! =
a (mod pf').

Xét dong du thitc 22 = a (mod 2¢). S6 1 1a thing du bac hai duy nhat modulo
4 va 1 1a thang du bac hai duy nhat modulo 8. Do d6 ta c6 tinh gidi dugc khi va
chi khi @ =1 (mod 4) néu e =2 v a = 1 (mod 8) néu e = 3. Ap dung [3, Ménh
dée 4.2.4] ta ¢6 22 = a (mod 8) 1a ¢6 nghiem khi va chi khi 22 = a (mod 2°) ¢6

nghiém véi moi e > 3.

Xét 2% = a (mod p§*). Vi (2,p;) = 1 tut [3, Ménh dé 4.2.3] suy ra phuong trinh
dong du nay c6 nghiém khi va chi khi phuong trinh 2% = a (mod p;) c6 nghiém.
Ap dung Menh dé 1.1.7véin = 2m = p vi d = (n,¢(m)) = (2,p— 1) = 2, ta
thu duge phuong trinh 22 = a (mod p;) c6 nghiem khi va chi khi a®—1/2 = 1
(mod p;). ]

Két qua trén rat gon phuong trinh thang du bac hai vé cau héi tuong tng

modulo s6 nguyén t6. Trong phan sau day, ky hiéu p 14 s6 nguyén to.

Dinh nghia 1.1.14 ([3]). Cho p 1a4 mot s6 nguyen t6 1é va cho a € Z véi p 1 a.
Ky hiéu Legendre, viét 1a (a/p), dugc xac dinh béi

(a) 1, néu a la mot thang du bac hai modulo p
—1, néu a la mot phi thang du bac hai modulo p.

Ta quy udc thém rang néu p | a thi (%) =0.
Vi du 1.1.15. Theo Vi du 1.1.12, ta ¢6 1,2,4 la thang du bac hai modulo 7
nén (2/7) =1= (1/7) = (4/7), 3, 5 va 6 la phi thang du bac hai modulo 7 nén
(3/7) = =1=(5/7) = (6/7).

Theo dinh nghia, ky hiéu Legendre (a/p) chi ra a c6 la thiang du bac hai
modulo p hay khong. N6i cach khac, ky hiéu Legendre (a/p) ghi lai phuong trinh
dong du bac hai 22 = a (mod p) c6 gidi dugc hay khong. Ky hiéu Legendre 13

cong cu cyc ky thuan tien dé thao luan vé thing du bac hai.



Meénh dé 1.1.16 ([3]).
(a) o~V = (a/p) (mod p).
(b) (ab/p) = (a/p)(b/p).
(¢) Néua=b (mod p) thi (a/p) = (b/p).

Chiing minh. Néu p 1a u6c ciia a hodc clia b, tat ca cac 3 két luan trén deu tam

thuong. Gid stt pfa va ptb.
Ta biét rang a?~! =1 (mod p), do d6
(@P D2 L D@P V2 1) =a?'—1=0 (mod p).

Suy ra aP~1/2 = £1 (mod p). Theo Ménh dé 1.1.13, ta c6 a»~1/2 = 1 (mod p)
khi va chi khi a 1a thing du bac hai modulo p. Diéu nay chiing minh (a).

Dé chitng minh (b) ta 4p dung phan (a). Ta c6

(ab)?~D/ = (ab/p)  (mod p)

va
(ab)P~D/2 = oP=1/2p(=D/2 = (4/p)(b/p).
Do do
(ab/p) = (a/p)(b/p).
Phan (c) dugc suy ra tryc tiép tit dinh nghia. O

Hé qua 1.1.17. S6 thang dv bac hai modulo p bang s6 phi thang du bac hai

modulo p.

Hé qua 1.1.18. Tich cia hai thdng du bac hai la mot thang du bac hai, tich
cta hai phi thang du bac hai la mot thang du biac hai, tich cia mot thang du bic
hai voi mot pht thang du bac hai la phi thang du bac has.

Hé qua 1.1.19. (—1)»-D/2 = (—1/p).

Heé quéa trén dac biet tha vi. Moi s6 nguyeén 1é c¢6 dang 4k + 1 hoac 4k + 3. Su
dung két qua nay ta c6 thé phat bicu la He qua 1.1.19 nhu sau: 22 = —1 (mod p)
¢6 nghiém khi va chi khi p ¢6 dang 4k + 1. Do d6 —1 la thang du bac hai cta
cac sO nguyén t6 5,13,17,29, ... va 1a phi thang du bac hai cia cic s6 nguyén t6

3,7,11,19,....



